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LOI GIOI THIEU

Bat dang thirc 1a mot van dé quan trong cta toan hoc. N6 1a mot dang toan tuwong
d6i kho va thuong khdng c6 mot phuong phap nao danh riéng dé giai quyét mot loat
cac bai toan nay. Mdi mot hoc phan toan trong chuong trinh dai hoc, sinh vién ciing s&
duoc tiép xGc véi nhitng bat dang thuc khac nhau. Trong mon hoc xac suat théng ké
cling vay. CO rat nhiéu bat dang thirc xac suat rat thi vi va c¢d nhiéu tng dung trong |i
thuyét ciing nhu thyc té. Trong bdo céo & hoc ki I nam hoc 2022-2023, toi da trinh bay
mot sé bat dang thirc x4c suat quen thudc, gan giii ciing mot s6 vi du thuc tién c6 thé
4p dung trong giang day. Theo ludng nghién ctru d6, véi mong mudn 1am phong ph
thém bai giang, trong noi dung bao céo nay, toi tiép tuc nghién ctu vé chan Chernoff
va cling mot sé wng dung cua chin Chernoff. Tur nhitng bat diang thic ndy, ching ta co

duoc nhitng udc luong Xac suat tét hon.
B4o c40 hoc thuat chia 1am ba phan

Phan 1: Trinh bay vé& ham sinh mé-men va nhic lai bat ding thic Markov va
Chebyshev.

Phan 2: Trinh bay vé chan Chernoff.

Phan 3. Trinh bay mot sb vi du co ban ¢é thé ang dung chin Chernoff.



1. Kién thirc chuan bi
1.1. Ham sinh mément

Dinh nghia. Cho X 13 mét bién ngiu nhién bat ki. Ham sinh mé-men cua X 1a
My (t) = E[e*¥].

Néu X 1a bién ngau nhién roi rac

(00

Me(0) = ) ePip,

i=1

Néu X 1a bién ngau nhién lién tuc

My (t) = j+ooetxf(x)dx.

Tinh chat ciza ham sinh mé-men

t2x?2 thxn
+ -+
2

! n!

i) Khai trién et =1 + tX + + ..

Suy ra
t2E(X? t"E(X™
2! n!

Do d6, ham sinh md-men bao gom tat ca cac md-men cua X.

My(t) =1+ tEX +

i)  Néu Xy, X,,..,X, |acac bién ngiu nhién doc lapva X = X; + X, + -+ X,
thi

My (t) = ﬁ My, (¢).

That vay, vi X;, X, ..., X,, doc l1ap nén et*1,etXz, . e'*n cling doc lap. Tacod

MX(t) = E[etX] — E[et(X1+X2+...+Xn)]

- = ﬁE[etXi] = ﬁMxi(t)-

i=1




Ham sinh md-men caa mét s6 phan phéi thudng gap

Phan phaoi Ham sinh mé-men
Phan phéi 0-1 tham sb p 1—p + pet
Phan phéi nhi thic B(n, p) (1—p+pet)”
Phan phéi Poisson o Met-1)
Phan phéi déu lién tuc U(a, b) eth — eta

t(b —a)
Phan phéi mii E (1) 1-tAHLt<2
Phan phéi chuan N (u, o) Q5072

1.2. M@t so bat ding thirc xac suat khac
Bt ding thirc Markov. Cho X 13 mot bién ngau nhién nhan gia tri khong am. Khi do,
véimoia = 0taco

E[X]
P(X>a) < —.
a

Bt ding thizc Chebyshev. Véi moi a > 0 ta co

Var[X]
az

P(| X —E[X]| = a) <

2. Chan Chernoff

Chan Chernoff cho mét bién ngau nhién X nhan duoc bang cach ap dung bat dang
thirec Markov dbi véi etX cho mot sb gié tri cua t. Cu thé 1a:
Véimoit > 0taco

P(X =a) =P(e* > et?) < E[eet; | (1).

Suy ra

E[etX]
eta

P(X = a) < min
t>0
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Véi t < 0, ciing tir bat dang thac Markov suy ra

E[etX]
eta '

P(X<a)=Pe¥* =>e?) <

Do do,

< < : ta —tX.
P(X_a)_rtn>1£16 E[e ]

Nhu vay, chia khéa trong chan Chernoff chinh la ham sinh mé-men.

Tiép theo, chiing ta quan tam dén tong cua n bién ngau nhién doc lap
X=X, +X,++X,

Néu &p dung bat dang thirc Chebychev, véi t > 0 ta thu duoc

P( Zn:Xi - Zn:E[Xi] > t> < i=1 Var[Xi]

t2
Néu X;, X5, ..., X,, doc 1ap cung phan phéi, cong thém E[X;] = u, Vi = 1,2,..,n thi

1% Var[Xq]
P —Z Xi —ul=t] <
e

nt?
Ta sé& st dung chan Chernoff trong nhiing truong hop dic biét dé tim ude lugng xac
suat tot hon.

Pinh 1i 1. Cho X;,i = 1,2, ..., n |a cac bién ngau nhién doc lap, nhan gia tri trong doan
[0,1]. Pat X = X; + X, + -+ + X,, va gia sit E[X] = u. Khi do, véi moi a > 0 ta thu
duoc

)  PX=pu+a)<e /2

i) PX<pu-—a)<e @/
Chizng minh.
Dét Yk = Xk — E[Xk] thi E[Yk] = O,k = 1,2, e, N
PatY =Y, + -+ Y, thiY = X — u. Apdung (1), véit > 0, taco

E[etY]
eta '

PX=u+a)=P =a) =P’ =et?) <

Suy ra



EletY] E[etZi=1"x
PX=u+a)< [ ]= [ ]

Vi cac bién ngau nhién X, doc lap nén Yy, k = 1, ..., n 1a doc 1ap. Theo tinh chat cua
ham sinh mé-men, ta co

E[[TY, et¥x z
PX=>p+a)< Uiz e™] e~at HE[e”"]-
k=1

Tiép theo ta tim chan cho E[efYx]. Xét ham s6 f(y) = e® ¢c6 f"'(y) = t?et” > 0.
Goi ¢ + dy 1a duong thang di qua hai diém (—1,e7%) va (1, e?). Ta cd thé d& dang
tinh duoc

coete™ -
2 ’ 2
Dé thay
e = f(y) <c+dy,Vy e [-1,1].
Suy ra
E[ek] < E[c+dY] =c+dE[Y] =c =#

Mt khéc, 4p dung khai trién Maclaurin ta duoc

2 x?’l
X =1 Xt bt
21 iy
Va
_x_l xZ x3
e = —X+E—§+“'
Do do
e < 4B 00
TRV TRS
tZ t4— 6
k
< 1o+ oo g o (do (2001 2 28k,
= et’/2,



Ta duogc

n n
t? nt?
PX=>u+a)<e ™ | | E[etr] < e | | ez =e 2
k=1 k=1

, 2 e, X . ,
Ham so h(t) = % — at dat gid tri nho nhat tai t, = % Do d6,

nra\? a a?
P(X > p+a) < e2®) %% = ¢ 72,

Két qua ii) thu dugc bing cach xét X' = —X va chd y rang X < u — a khi va chi khi X' >
—u + a. Ap dung i) ta duoc

a2

PX<pu—a)<e 2n

Déi vai X;, 1a ddy bién ngau nhién doc lap, co phan phdi Bernoulli (phan phéi 0-1) thi
ta c6 két qua sau day:
Pinh i 2. Giast X = X; + X, + --- + X,, la tong ctia n bién ngau nhién Bernoulli doc
lapvoi P(X, = 1) = pi, k = 1,2,...,n.Patu = E[X] = p; + -+ + p,,. Khi d6, véi moi
6 >0,tacod

) PX=(14+8)u) <elr(1+6)"0+dn

i) PX<(A-8)u) <elt(1-6)"0-9k
Chazng minh.
Véit>1,taco

P(X =1+ 8w = P(t" > t(+om),

Theo bat dang thirc Markov, ta duoc

P(¢X > t0+Om) < E[t*] E[tXt*2 . t*]  E[t*1]..E[t*]

((+0u —  fa+ou | pd+om
k=1 (1 =pp +tpr)  le=1(1 +pi(t — 1))
B t(1+8)u - t(1+ou

H’,gzlepk(t—l) e (t—DD1+D2++p)  o(t—Du
T +(1+5)u = [aron

Suy ra



e(t_l)#
PX=1+d6)u) < t(l-I-—S)u
Thay t =1+ § thi § > 0. Ta thu dugc

e S
PX=14+d6)u < 156w

Két qua ii) dugc chimg minh tuong tu.

Dinh li trén cho ta chan tot, tuy nhién ta khong thuong dung nhiing két qua nay. Dé
thuan loi hon, ta c6 thé dung hé qua sau day
Hé qud 1. Giasa X = X, + X, + - + X,, la tong cta n bién ngau nhién Bernoulli doc
lapvéi P(X, = 1) = pi, k = 1,2,...,n. Datu = E[X] = p; + -+ + p,,. Khi do,

52

) PX=(1+8u)<e 3 Voi0<s<1,
62

i) PX<(1-8uw<e z viio<s<l1.

Churng minh.

Pé ching minh i) ta s& chi ra

52
eS(1+8) MDD <e ™3 voi0<s<1. (%)

That vay, lay In 2 vé, bat dang thic tuong duong
2

£(8) :=6—(1+6)1n(1+5)+%£0.

Taco
1+6 26 26
'8 =1 _1+—5_1n(1 +6) +?_ —In(1 + 6) +?.
D& thay, f'(8) < 0 véi moi § € [0,1]. Do do, (&) la ham giam trén [0,1] va £(0) = 0.
Suy ra

52
f@®) =-A+8I1A+8)+—<0,
(*) dugc chung minh. Suy ra

62;1

PX=>(14+d6u)<e 3 v6io<s<1.

Bat dang thuc ii) duoc chimg minh tuong tu.
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Hé qud 2. Gia st X = X, + X, + -+ X,, 1a tong cta n bién ngau nhién Bernoulli doc
lapvoi P(X, = 1) = pp, k =1,2,...,n.Patu = E[X] = p; + - + p,,. Khid06, v5i 0 <
6 <1ltaco

_52#
P(X —u|l =6éu) <2e 3.

Hé qud 3. Gia st X = X; + X, + -+ X,, 1a tong cta n bién ngau nhién Bernoulli doc
lap vi P(X, = 1) = p,k = 1,2,...,n. Dat X = = Khi dé, véi moi § € (0,1), 6 <p
va n > Z1n(2) thi

P(X-pl<6)=>1-3.
Chtrng minh.
TacOEX = E[X, + X, + -+ X,,] = np.
Ap dung hé qua 2 ta co

—&2np

P(IX —pl = ep) = P(|X —np| = enp) < 2e” 3
Chone = %th‘l 0 = ep, ta dugc

_ -np? —no?
P(IX —p|=0) <2e 3 <2 3 .
PécoP(IX —pl <0)=>1—65tacan P(|X — p| = 0) < 6. Do d6 phai co
—&2np 3 2

2 3 <0/& n>?ln<g>.

Hé qud 4. Gia st X = X, + X, + -+ X,, 1a tong cta n bién ngau nhién Bernoulli doc
lapv6i P(X, = 1) = py, k = 1,2,...,n. Patu = E[X] = p; + -+ p,. Néu 8 > 6p thi
P(X>6)<279,

Chtng minh.

Tadatd = (1 + &)u. Dé 6 > 6p thi chi can lay 6 > 5. Ap dung Pinh Ii 2 ta dugc

0

R

ed g e
PX=(1+0w < (m) < (1 +5)



3. Mot s6 vi du vé wng dung cia chin Chernoff
Vi du 1. Thyuc hién gieo mot ddng xu can ddi ddng chat 10000 lan. Gia st X, = 1 néu lan gieo

10000
E[X] = E[Xl] + -+ E[Xloooo] = T = 5000,
10000
Var|X] = Var[X,] + -+ Var[X,] = 2 = 2500.
Néu 4p dung bat dang thirc Markov ta duoc
P(X = 6000 <5000—5
X= )=%000 &

Néu ap dung bat dang thirc Chebychev ta duoc

2500
P(X 2 6000) = P(X — EX > 1000) < ——-

Néu 4p dung chin Chernoff ta duoc

10°

P(X = 6000) = P(X > EX + 1000) < e~ 210000 = ¢~ >0,

R6 rang chan Chernoff cho ta udc lugng tét nhat.
Vi du 2. R4t nhiéu thuat todn ngau nhién c6 thé mé ta qua trd choi ném béng vao thing sau
day:
Ném m qua bong déu vao n thing mot cach ngau nhién. Ching ta quan tam dén su phan b
cua sé bong trong cach thing. Mot s6 cau hoi duoc cha y 1a

1. C6 bao nhiéu thung réng?

2. Chung ta phai ném bao nhiéu qua bong dé tat ca cac thung khong rong?

3. S6 bong téi da cuia mot thung 1a bao nhiéu
Véii = 1,2,...,n, gia s I; 1a bién ngau nhién nhan gia tri bang 1 néu thing thi i réng va bang
1 néu thung thx i khdng rong. Pat I =1, + -+ I,,.
Taco

m

n
x 1
E[l;] = P(thung i rong) = 1_[(1 — P(qud j vao thung i)) = (1 - E)
j=1

Do d6



HHzEUJ+m+EMJ=n@—1Yi

Nhu vay

n

. < 1\" _m

P(ton tai thung rong) < z P(thung i rong) <n (1 — E) < ne n.
i=1

Trong trudng hop m =~ n, thine ™ » = g > 1. Do do, danh gié la khdng cd tac dung. Dé c6 thé

st dung danh gia nay, ta can gia thiét m > n Inn. Trong trudng hop nay ta thy rang, xac suat
dé ton tai thung rong 1a rat nho.

Véii =1,2,..,n, gia sa X; 1a bién ngau nhién chi s6 qua bong roi vao thung thir i. Pt Z =
max{X;, ..., Xp}.

Goi X/ 1a bién ngiu nhién nhan gia tri 1 néu qua thir j roi vio hop i va bing 0 trong trudng
hop nguoc lai. Ta co E[le] = %Vfl dodo E[X;] = % Ap dung Dinh 1i 2, ta dugc

5 \m
P(Xi2(1+5)%)ﬁ<(1jw> .

Chayrang néu 8§ > e — 1 thi

e® 1(e)6< 1 _1
1+ 14+86\1+6 146 2

Do d6, néum > 2n log, n thi ta duoc

m -_m 1
P(Xi2(1+6)z)s2n <.
Va ta duoc
m 1
P(zz2(1+8)—=)<PZze)snn?==
n n
Ta ctng c6

(1+8)%

P(Xi2(1+6)%)s(1j5)

clnn
Inlnn

P(X;>1+68) <n2
10

— 1 vai ¢ du lon thi

Do vay, néum = n, chon § =



Khi do

1
P(221+6)Sn.n‘2=;.

Vi du 3. Trong i thuyét do phtc tap, nguoi ta quan tam dén BPP (bounded-error
probabilistic polynomial) 1a 16p cac bai toan quyét dinh giai duoc bing may Turing
ngau nhién trong thoi gian da thire, vai xac suat sai khdng qua 1/3 cho moi trudng hop.
Cho hiang sé € € [0, %). Mot ngdn ngit L nam trong 16p BPP néu ton tai néu ton tai thuat
toan ngau nhién vai thai gian da thac A thoa mén

1. Néu x € L suy ra P(A(x)chip nhan) > 1 — ¢,

2. Néux ¢ L suy ra P(A(x)tlr chdi) =1 — e.
Gia sir A 1a mét thuat toan ngau nhién quyét dinh L €BPP. Ta xay dung thuat toan A’
chay A trén dau vao x véi sb lan 1a n. Vay A’ mac 18i véi x&c suat ra sao?
Ki hiéu X,, 12 bién ngau nhién bang 1 néu lan chay tha k ma tra vé két qua ding. Pat

X =X, + -+ X,, thi X chi sb lan tra vé két qua ding trong n 1an chay. Ta c6

E[X] = =n.

wl N

Do d6,

n n ny?
n n _(E) _n
p ZXRSE <P ZXkSEX—g <emo =eTm

Néu chonn = 72 ln% thi thuat toan sai sb voi xac sut 8.
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KET LUAN

Béo céo di trinh bay vé chan Chernoff véi cac dang thé hién khac nhau va mot
sb vi du tha vi c6 thé sir dung chan Chernoff. Tai liéu c6 thé dung 1am tai liéu tham
khao cho giang vién, sinh vién, lam sinh dong thém nhitng tng dung ctia mon Xac suat
théng ké d6i véi cac van dé thuc tién trong cudc song. Tuy nhién, day chi 1a mot noi
dung nho trong vo van két qua vé bat dang thic xac suat. Trong thoi gian toi, tac gia s8
tiép tuc tim hiéu vé chan Hoeffding ciing nhu nhiéu bat dang thirc khac nham hoan thién hon
vé noi dung nghién ciru va nang cao chét lugng bai giang ciing nhu lam tot myc tiéu gan Ii

thuyét vai thuc tién.
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